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ULTRASONIC WAVE PROPAGATION IN DEFORMED
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Abstract-Ultrasonic wave propagation in a deformed solid is studied on the basIs of the second-order theory of
elasticity. The deformation considered is such a kind as one of princtpal axes of the stress has the same direction
at any point and the other two rotate. The fundamental differential equations of the second order which govern
ultrasonic wave propagation along the fixed principal direction are reduced to the first order equations by adequate
approximation. Then the effects of non-umformity of the deformation. especially rotation of principal axes of the
stress. on waves are examined. It is shown for the quasi-transverse wave that principal axes of the stress are no
longer polarization directions but there exist new directions calkd characteristIC directions as in three-dimensional
photo-elasticity.

1. INTRODUCTION

ULTRASONIC waves in deformed elastic materials have been studied from two points of
view. One is to determine the third-order elastic constants [1] which are required in solid
state physics and another is to analyze stress distributions [2-5]. In the former case it is
sufficient to study uniform deformations on which ultrasonic waves are superposed. but
in the latter we have to treat inhomogeneous deformations. Tokuoka and Iwashimizu [5J
showed in two-dimensional stress states the stress-acoustical law holds in certain approx
imation.

In this paper we discuss the effects of rotation of principal axes of the stress along the
wave normal on amplitudes and phases of ultrasonic waves. It is shown that phases of
waves are influenced by non-uniformity of deformations and transverse waves do not
exhibit such polarization phenomena as in uniform deformations [6. 7] and in undeformed
crystals [7. 8] but have new directions called characteristic directions as in three-dimensional
photo-elasticity [9].

2. BASIC RELATIONS OF THE THEORY OF AN INFINITESIMAL ELASTIC
DEFORMATION SUPERPOSED ON A SMALL ELASTIC DEFORMATION

An elastic material of the Green type is deformed from the natural state to the static
state where the stress tensor of Cauchy is tij" A superposed infinitesimal wave is described
by "'k subject to the equation [5]

(2.1 )
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where.\k is rectangular Cartesian coordinak in the deformed state. and the usual summation
convention is used. Also

12.2)

where I:'kl and e are the linear strain and the dilatation in the deformed state. and I .• p. 1. 111

and II are dastic constants defined by the expression of the strain energy I as

IE' lIE and III E being principal invariants of Lagrangian strain.
In [5J (2.1\ and (2.2) are derived in the case { = III = 11 = O.

3. SIMPLIFICATION OF THE FUNDA\IENTAL EQUATION (2.1)

At tirst we assume that the deformation state on which ultrasonic wa yes are superposed
is such as one of principal directions d the stress coincides with the x,-direction ;l! any
point of the material. that is

o. (t,-,

I~ .\'J
= o.

In this deformation state consider a ultrasonic wave propagating along the .\ }-direction.
Then

( .\,
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hold because of smallness of the wavelength. Taking into account (3.2) the equations (2.1)
are reduced to

/3.3)

(3.4)

where

(
111 11 ) ( 11) [33P = ----1 1.'+2 1+- 1.'33+-'
J1 2J1 . 4J1 J1

q = 2( 1+~),
4/l

(3.5)
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and Po is the density in the undeformed state and Greek indices IX and f3 take the values 1
and 2. In derivation of(3.3) and (3.4) we used (3.1) and retained only terms containing deriva
tives with respect to x3'

Because of the right hand members in (3.3) and (3.4) the exact transverse wave (w 3 = 0)
and the exact longitudinal wave (WI = W2 = 0) cannot propagate. For example even if the
initial and the boundary conditions are satisfied by the transverse wave only, the longitudin
al wave may be generated through (3.3) and (3.4) and vice versa. However if we treat two
cases (a) incidence of the transverse wave and (b) incidence of the longitudinal wave separ
ately we can simplify (3.3) and (3.4) and show that the quasi-transverse and the quasi
longitudinal waves can propagate without each other.

Case (a): Incidence of the transuerse wave

In this case W 1 and W2 are primary and the magnitude of the associated W 3 can be
expected to satisfy

(3.6)
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by (3,-+) and (J.~L Then the magnitudes of the right hand members or l3.J I :.ire at mo"!

while those of the left hand members of 13.J I are at least

IX. /J = 1. .21,

Therefore assuming

{ 'L'kl

l"ki l -
{'.x/

we can neglect the right hand members of i J.3 I. and ha Vi.?

We express the ~olutions of (3.71 as

Lx = L~1.

where W! and W: are functions ofx I' x 2 and x 3' and ko.L = (I) I'lL » 1. Csing (3.i5) :.inJ L'. - i.
and taking into account k01 » I and the relation expected in advance that H~ and their
derivatives are of the same order magnitude. we have

dlV
I

I _ I _

= ..,koJp +t' ~ qt'll ll1-'] +~ko~(/t'12 W2 ,
dx,

dIll, I _ I _

= ~k<).l(1('21 11-'1 +::;koJp+('-h/t'22)H~.
dx,

Furthermore we use the transformatIOn

to simplify 13.'011. and the results are

i '.IUI

i '.

JW.

J\ ;

where C = ~Llk,)_ ELjUalIO/1S 1.'.111 are the tinal eLjuations governIng the: Ljuasl-lranS\ ..'r,e:
wave: If1 the case 131.
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For later use we transform (3.11 ) to local principal axes of the stress. The components of
H~ and ("Ii (x. {J = 1. 2) in these axes are denoted by Hr~ and c, (ex = I. 2) respectively and
their transformations are

and

Wj = ~V'j cos 8 - W~ sin e.
~V2 = H"j sin 0+ W~ cos o.

('II = ~('I +(2)+ik l -(':lcos 20.

e22 = t(el +t'2)-11Cj-C2lcos28.

('12 =e21 = 11 e j-(2)sin20.

(3.121

(3.13)

where {I is the angle between the principal axis and the x,-axis and is a function of x3' If we
put 0 = 0 after using (3.12) and (3.13) to (3.11) and carrying out indicated differentiation, we
obtain the required equations;

(3.14)
de 1

--IIV' --iC(e -e )W'
d I") I 2 2'

x 3 -

Case (b) ~ Incidence of the quasi-longitudinal wave

In this case W3 is primary and the magnitude of the associated WI and W2 can also be
expected to satisfy

by (3.31 and (3.2). Then as in the case (a) (3.4) can be replaced by

(3.15)

In the same way as in the case (a) we can simplify (3.15) as

(3.16)

where

Then

where D is a constant.

W3 = DexP{~koi' IX' (r-e)dx 3},
- X30

(3.17)

(3.18)
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Therefore the effect of the deformation on the quasi-longitudinal wave is expressed h\
the additional phase ,).

~k" r{r-eIJx,"
... -'.'1"

.4. BEHAVIORS OF t'1-e2 A:"'D dO/dx,

Since we confine the type of the deformation by the assumption (3.11. functions in co
efficients of (J.II) and (3.141 are also restricted. Here we consider behaviors l)f these func
tions and use these results in examining (3.111 or (3.141.

By almost the same discussions in [I OJ the restriction (3.1) gives following general forms
of stress components:

where 10' 11 and 0 0 are functions of x 1 and x 2 only, and sarisfy

i-UI

VCII = const.

For our purpose it is sufficient to know how coefficient functions in 13.11 land /3.14Idepend
upon XJ . Therefore we have from H.I)

ell - C.2~

dO
-----"" -- ,., --" ..-':'--.'-~--"':_-:~ .. _- ._::--:.--._ ..:.....~::.

where u's and c's are functIOns l)f "·r and \. (miv.
Ld us denne the quantlt: I, by

:C1e; -<':1
-~,-_.~-_..~._.~, -~

dO '

d.\' \

Then by H.-O

._-" Ctun +t/1X,1 +Ll:X~_}: +4(C p ~CI.\., + ,-;
l -------,.--,.'.". -'" c.....c_ ..... .. __. ·__.. c -'C_.. "

ICldn~(!ldi l-:- .':fc,u Il ~-(·-:(/2IX_~ --!-lc:.ll: --{.'jd::.
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We can show that the case IKI » I and the case C l C: and dfl/dx}. therefore K are nearly
constant for certain interval of X 3 are possible but the case IKI « I IS impossible. As an
example we show in Fig. I the relation between K and x} for one possible case

(/" -lcu• 0 1 = 0-4((J' ( = 0·2co . Q 2 = C2 = 0.1

20

I
:6['-

I

i
, 2~

I
081
oJ

I
I

0

-04
// "tilRegion of nearly 'q, 'I'

constant K

-08

-12
-6 -4 -2 0 2 4 6

x3 • cm

FIG. 1. Behaviors of K. A and £', z.

Behaviors of ~ = (ell -e22 /2e\2) and e l2 are also shown in the same figure, where 1\0- ~o

and (e t2 )0 are values of K, ~ and e t2 at .':} = 0, respectively. It is seen from this that the
variation of 1\ in the interval Ix 31 $ 0·5 is less than I per cent, while that of ~ is much larger.

We consider the characters of the quasi-transverse wave in two cases (a J )11\1 » I and (a21

constant e J -e2 and dO/dx 3 as special cases.

5. TWO SPECIAL CASES

Case (ad: !h:1 » 1

This corresponds to the case where rotation of principal axes is very small. Then (3.14)
become

(5.n



Yt KIO Iw~sHI.\lIZt

by neglecting terms containing dOdx}, (5, U show that quasi-transverse wave is polarw:d
in two slightly rotating principal axes of the stress. and the relative phase JitTerence or these
polarized waves ,) is given by

,) C" (' It'l dI e 2 1 X,\'

"-.'t".

euse la 2 l: t'l t'2 (lilt/ dlrdx, are (,()Ilstulll

For brevity we put

dO
= F.

dx}

Then 13.14) has the following fundamental solution matrix whose t\\'o columns are two
linearly independent solutions:

iE
cos P x, + p sin Px.\.

F
-- sin Px l •P .

F
P sin Px t

iE
cos p\ - -- sin P,.} p' ..1

where P = \; +
We consider an interesting case in which one of the components in the principal axes of

the incident wave. say l·r~, is zero at x, = D, Then the solutions are

W'I = DIll - }\2,i expU(~II.

where D, is a constant and

15.6/

Therefore even if only one eomponent W', IS present at X,, = D. another component Ir~ is
generated during propagatk~nand these two have the relatne phase ditference ,i = (~), -- '!.":

Ill. interger). When we detect these waves at\ \ = XI by a r-cut ljuartz crystal wlth its a \1'

making an angle Ij) with the principal axis. the observed quantlty IS the amplitude (of the:
displacement component \\ given hv

I.' -

where \\1 and II. are displacement compt)nents referred ttl pnnclpal '[\eS:

r
I

D I }\ cosl ",!-

l.

I
t'~ ,'Ilt'l -,':1 dl

--t
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/5.8l are obtained from (5.5)./3.101 and /3.8). (5.71 can be rewritten as

lr = Djrcos/wt ~l. (5.9\

where the observed amplitude D I r is given by

r" = ~+tll-2K2)cos2t,lt-K(1-K21!cos81 sin2t,lt. (5.10)

We can determine E and F by using (5.101 and rotating the receiving quartz crystaL When
IKI « 1. r ~ til + cos 2t,lt). which corresponds to the case (a l ).

Figures 2 and 3 show the relations between r2 and x., and between e j and x 3 for
several values of E. F and tjJ.
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FIG. 2. 0,-X3 relation: (a) E = F = ~(1icm); (b) E\. F"" fr;(licm); (cl E = \. F = G(1!cm).

6. GE~ERAL PROPERTIES OF TRANSVERSE 'VAVES~HARACTERISTIC
DIRECTIONS

Here we discuss the corresponding directions to those treated by H. K. Aben [9] in
photoelasticity.

Since the matrix A composed ofcoefficients in the right hand members of (3.11) or (3.14)
has the property A* ::: - A, where A* is the complex conjugate transposed matrix of A, the
fundamental solution matrix <1> of (3.11) or (3.15) satisfies [12]

<1>(x 3)<1>*(x 3) = const. matrix.

Then the solution of(3.14) which is U~ at X 3 = X30 can be expressed as

IV = U(x 3 • x 30 )WO ' (6.1)

where U(x 3 • x 30 ) is certain two by two unitary matrix given by

U/x 3 • x 30 ) = <1>(.\3)<1>- 1('\30). /6.2)
and



Y I Ii.II) I\L\~HI\IIZl

d ,#-45°)
0510.:::-----------'---------.::::.....:::----1

i~

(2., em

FI(i.3.r'-\\relation:(a)E=F=~(lcml:lb)f \.F :'",lcml,!<:jE=;,F=[)(I<:m)

I t is known I3J that the most general form of a unitary matrix is

- I! 2- .!l 0
Ii /;

" C, (iI..' cos - i sm _. e
~

! e1h)
,

t 6.~ JC'(\, 1 , .\ 1") = -

l) cillo 2\ /J fi
i) t>;\-[ stn

~
cos :;

and can also be rewritten as

cos x· sm 'X, I e,e ()

L'I.\'." .\'.\1)) =
SIl1 :t, cos 'Xc U e ''':

COS Xl SIl1 :t J
... if,,'-'::I

"

by using the Eulerian theorem about rotations of a rigid body and the homomorphism nf
the rotation gmup with the unItary transformation gmup with unity determinant. In iI""~)

and 16AI x, Ii. ", {), Xl ' x: and ~ are all real quantitIes depending on the deformation between
\," and .\ l' Replacll1g \6,-1) into 16.11 shows tha tIl' we refer the result w rotated axes thfc1l1g11
th" angle Xi at .,'", and through the angle 1. 2 at .\, we ha,,~

Wi e" II ~ \ "Ic ll ',) c, I fl.5= - I
'it< II - - H. "

where we used ~ [() denote components Il1 h,ith r,Hated axes. \Ve cd! directlOlls determmcJ
angles :XI and Xc flrili1L1rr dnd .,<'coll,ldn ,'hdru('r,'risri,' ,11/'('(';, 'liS after H. K.. -\ben "'~

Fr,)!11 (h.51 (he wa ve lInearly p<)larized I n ,me PI' the pri nUf\ char,lcterlstlc di rectiot1, " .d,,'
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linearly polarized in the corresponding secondary characteristic direction. This property
may be called briefly nm poilUs polari::atioll. In general these directions do not coincide
with principal axes of the stress and can be determined experimentally by rotating two
quartz crystals in the transmitted method.

7. CO~CLUSIONS

The effects of inhomogeneity of deformations along the propagation direction especially
those of rotation of principal axes of tile stress are studied. Fundamental equation (3.lll or
(3.14) and (3.16) are obtained under the assumptions (3.1) by the adequate approximation.

For a quasi-transverse wave quantities <'J -<':;: and dO/dx 3 in the coefficients of(3.11) or
(3.14) are considered at first and it is shown that the case lei -e21« Id8idx 31is impossible.
Consideration of two possible interesting cases give the following results;

(ad When leI -e21 » Id6idx 31, the wave is polarized in principal axes of the stress and
two linearly polarized waves have the relative phase difference (5.2).

(a2 ) When e l -e2 and dO/dx 3 are constant, two components in the principal axes are
coupled as shown by (5.4).

In general the principal axes are not polarization directions. but it is shown from general
properties of solutions of (3.14) or (3.11) that there exist characteristic directions which
characterize two points polarization at the incident and the emergent points.

For a quasi-longitudinal wave only its phase is affected by a varying deformation as
shown (3.19).
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AocTpa"T-Ha OCHOBe TeOp"H ynpyrocTH BTOpo1'O nopllllKa. H-:cnellyeTcll pacnpocTpaHeHl1e cBepx3BYKOBOH
BOJlHbl B Jle¢lOpMHpoBaHHoM TBepJlOM Te.1e. PaCCMaTpy.BaeMall .'lecjlopMallHll TaKOBa. 'ITO OJlHa H3 rJlaBHblX
oceH HanplllKeHHH HMeeT TaKoe lKe caMoe HanpaBneHHe lWll npOH3BOJlbHOH TO'lKI-l. a JlBe JlpyrHe BpatllalOTCll.
OCHoBHble JlH¢l<!>epeHUl-lanbHble ypaBHeHHll BTOpo1'O nopllllKa, onHCblBalOume pacnpOCTpaHeHlie CBepX3
ByKOBOH BOJlHbl. Bllonb HeHJMeHlleMoro L1aBH01'O HanpaBJleHlIll. npe06pa30BbIBalOTCll B ypaBHeHlill
nepB01'O nopRllKa. nyTeM COOT8eTCTBYlOtlleH annpOKCHMaUHH. 3aT~M. HccnenYIOTCli 3¢l¢leKTbl HeOJlHOpO
JlHOCTH ne<!>opMaUHH. a CneUliaJIbHO BpatlleHHe L1aBHbiX ocell HanpaBneHHH. OKaJblBaeTcll, 'lTO ,ll.lUI
cnY'lali KBa3IltlOnepe'lHoll: BOllHbl rllaBHble OCY. HanplllKeHHIl He llBnRIOTCli 8 nanbHell:tlleM HanpaBJleHHllMIl
nonllpH,aUllM, HO B 3TOM clly'lae cytlleCTBylOT HOBbie HanpaBneHHll. Ha3BaHHbie xapaKTepIlCTIl'leCKI1MIi,
KaK B TpexMepHoll ¢loToynpyrocTIl.


